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Abstract 

We construct a realization of the L-operator satisfying the i?LL-relation of the 

(2) 

face type elliptic quantum group B q ^\(A 2 ). The construction is based on the el- 

(2) 

liptic analogue of the Drinfeld currents of U q (A 2 ) , which forms the elliptic algebra 

(2) 

Uq yP {A 2 ). We give a realization of the elliptic currents E(z), F(z) and K(z) as 
a tensor product of the Drinfeld currents of U„(A 2 ) and a Heisenberg algebra. 
In the level-one representation, we also give a free field realization of the elliptic 

(2) 

currents. Applying these results, we derive a free field realization of the U q:P (A 2 )- 

(2) 

analogue of the B q ^\{A 2 ) -intertwining operators. The resultant operators coincide 
with those of the vertex operators in the dilute Al model, which is known to be a 

(2) 

RSOS restriction of the A 2 face model. 
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1 Introduction 



An elliptic quantum groups is a quasi-triangular quasi-Hopf algebra obtained as a quasi- 
Hopf deformation of the affine quantum group U q (g) by the twistor satisfying the shifted 
cocycle condition [1, 2, 3]. It is conjectured in [4, 3] that the representation theory of the 
elliptic quantum groups of both the vertex type A^sIn) and the face type B qt \(g), q being 
an affine Lie algebra, enables us to perform an algebraic analysis of the corresponding 
two dimensional solvable lattice models in the sense of Jimbo and Miwa [5]. In order 
to perform the analysis, we need to construct explicit representations of both finite and 
infinite dimensional. For this purpose, the Drinfeld realization of the quantum groups is 
known to provide a relevant framework. In the previous papers [6, 7, 8], we constructed 
the Drinfeld realization of the face type elliptic quantum group B q ,\(slN) based on the 
elliptic algebra {7 9iP (s[jv)- The Drinfeld generators have both finite and infinite dimensional 
representations suitable for the calculation of the correlation functions. 

In this paper, we investigate the same problem for B q ,\(A 2 ^), the face type elliptic 
quantum group associated with the twisted affine Lie algebra A 2 2 \ We first construct the 

(2) 

elliptic algebra U qtP (A 2 ') as the algebra of the elliptic analogue of the Drinfeld currents 
of U q (A^). Basically, the idea given in Appendix A of [7] can be applied to the twisted 
case. Namely, dressing the Drinfeld currents of U q (A^) by the bosons a m (m e Z^ ) in 

(2) 

U q (A 2 ) and taking a tensor product with a certain Heisenberg algebra <C{H} generated 
by P, Q, which commutes with U q (A 2 ), we obtain the elliptic Drinfeld currents. However, 
we formulate the elliptic algebra U qjP (A 2 2 ^) in an extended form by introducing the new 
currents K(u), which enables the i?LL-formulation of U qjP (A 2 2 ^). Then we discuss a 
connection between U qjP (A 2 2 ^) and B q ,\(A 2 ^). We derive the dynamical i?LL-relation of 
B q ^\(A 2 ^) from the i?LL-relation of U q>p (A^) by removing a half of the generator Q of 
the Heisenberg algebra and identifying P with the dynamical parameter in B qt \(A 2 2 ^). 
We hence find a structure of U q>p (A^) roughly given by u B qt \(A 2 2 ^) Cg>C{7Y}", and in this 

(2) (2*\ 

sense, we regard U qjP (A 2 ) as the Drinfeld realization of B q) \{A 2 ). 

Although the above tensor structure does not preserve the coalgebra structure of 
B q ^(A 2 ^), the same tensor structure enables us to convert the algebraic objects of B qj \(A 2 2 ^), 
such as the intertwining operators, to the U q ^ p {A^) counterparts. In the known cases, 
it is true that the U q ^ p (g) counterparts of the B gi \(g) intertwining operators play the role 
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of vertex operators in the restricted solid on solid (RSOS) model associated with q. We 
call such "intertwining" operator of U qjP (g) the vertex operator of U qjP (g). Moreover, the 
elliptic Drinfeld currents in U qyP (A 2 2 ^) admits a free field realization, which is an elliptic 
extension of those of U q (A^) obtained in [9, 10, 11]. By using such realization and ap- 
plying the tensoring procedure, we derive a free field realization of the vertex operators 

of f/,, p (4 2) )- 

The face model associated with the twisted affme Lie algebra A 2 was formulated 
in [12]. Its RSOS restriction is known to be the dilute Al model[13, 14]. The free 
filed formulation of the dilute Al model was carried out in [15]. There, however, the 
construction of the vertex operators was done by brute force based on the commutation 
relations among the vertex operators and on a partial result on the elliptic Drinfeld 
currents. We here derive the same vertex operators by using the the representation theory 
of B q ^x(A^) and the Drinfeld realization given by U qjP (A 2 2 ^). 

This paper is organized as follows. In the next section, we give a summary of the 

(2) 

basic facts on the face type elliptic quantum group B q> x(A 2 ). In Section 3, we present 

(2) 

a definition and a realization of the elliptic algebra U qtP (A 2 ). New currents K(u) are 
introduced there. In Section 4, we introduce a set of half currents defined from the elliptic 

(2) 

currents in U qtP (A 2 ) and derive their commutation relations. Section 5 is devoted to a 
construction of a L-operator and the i?LL-formulation of U qyP (A 2 2 ^). We then derive the 
dynamical i?LL-relation of B q ,\(A 2 2 ^) from U qjP (A 2 2 ^). According to this result, in Section 
6, we discuss a free field realization of the two types of vertex operators of the level 

(2) 

one U qt p(A 2 ; )-modules. The final section is devoted to a discussions on some remaining 
problems. In addition, we have three appendices. In Appendix A, we give a summary 

(2) 

of the 3 dimensional evaluation representation of U qtP (A 2 ). In Appendix B, we discuss 
the difference equation for the twistor and give a partial results on the solutions. Finally, 
in Appendix C, we give a proof of some formulae of commutation relations of the half 
currents. 
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2 The Elliptic Quantum Group B qjX (Af) 

In this section, we summarize some basic facts on the face type elliptic quantum group 
B qt x(A^) based on the results in [3]. 



2.1 Notations 

Through this article, we fix a complex number g^0,0<g<l and p given by 
p = q , p = pq = q (r = r — c; r,r G K >0 ). 



We parametrize p as follows. 



p = e - 2m/T , p* = e- 2m/r * (rr = rV), 

^ = q 2u = g-Ziriu/rr 

We often use the following Jacobi theta functions. 

N = q^- u Q P (q 2u ) = e-^q-i A (£|r) , 
[«]+ = g^- M 6 p (-g 2 «) = e-^r^-i ^ (£|r) , 

[u]* = [w]| r ^. r * )T ^. T . and + = ,._>,.* )T _> T *. Here 

G p (z) = (z,p) 00 (pz~ 1 ;p) 00 (p;p) 00 , 

(z ] t ir --,t k ) 0O = n (i-^r-'-C)- 

m, — ,nfc >o 

The theta functions satisfy [—u] = —[u], [—v] + = [u] + and the quasi-periodicity property 

[u + r] = -[u], [u + rr] = -e^ iT -^[u], (2.1) 
[« + r]+ = [«]+, [« + rr]+ = e-' riT - 3 ^[«] + , (2.2) 
+ 5 =ie-' ri(u/r+T/4) M + . (2.3) 

We use the following normalization for the contour integration. 

/ dz 1 f dz 1 \u] .„ , s 

<£ r = 1, <* =- = f^- (2.4) 

where C is a simple closed curve in the w-plane encircling u = anticlockwise. 
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2.2 Definition of the elliptic quantum group B q ,\(A^) 

(2) 

Let U q (A 2 ) be the standard affine quantum group, associated with the Cartan matrix 

The label of A is a = l,ai = 2 and colabel is <1q = 2,a\ = 1. Let B = (by) be 
the symmetrized Cartan matrix = ^-a-ij- We identify f) = Ca^ © Ca^ © and 
(}* = Ca © Ccti © CA via the standard invariant bilinear form ( , ) given on f) and f)* as 
follows. 

K V , «J) = aa% (0 < i, j < 1), 



(a i ,d)=6 i>0 , (d,d) = 0, 
a v 

(a h aj) = —aij (0 < i, j < 1), 

(ai, A ) = 5 i)0 , (A ,A ) = 0, 



The central element is given by c = 2a$ +<x{ . Let us set 5 = a + 2ai. Then the following 
relations hold. 

(6,d) = l, (5,5) = 0, (c,d)=2, (c,c)=0. 

The identification between f) and [)* is given explicitly by = , q 2a ^ . , c = 5 and d = 2A . 
Under this, we use {/i/} /=1 2 ,3 = {c?, c, a) 7 } as a basis of f) and its dual basis {h l }i=i,2,3 = 
{c/2, d/2, a\/2}. Our conventions of coalgebra structure of U q (A 2 ) follows [3]. The 
coproduct, counit, antipode are denoted by A, e and S, respectively. 

The face type elliptic quantum group B q> \(A^) is a quasi-triangular quasi-Hopf alge- 
bra obtained from U q (A^) by the deformation via the face type twistor F(X) (A e f)). 
The twistor F(X) is an invertible element in U q (A^) © ^(A^) satisfying 

(id<g>e)F(A) = l = F(A)(e<g>id), (2.6) 
F^ 12 \X)(A © id)F(A) = F^ 23 \X + h^)(id © A)F(A). (2.7) 

where A = \h l ( x i e C), A + fcW = £,(Aj + ^ (1) )^ and = h x © 1 © 1. An explicit 
construction of the twistor F(X) is given in [3]. As an associative algebra, B qt \(A^) is 
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isomorphic to U q (A^), but the coalgebra structure is deformed in the following way. 

A x (x) = F(X)A(x)F(X)- 1 Wx e U q {A { 2 2) ). (2.8) 

A A satisfies a weaker coassociativity 

(id ® A\)A\(x) = $ (A)(A A ® id)A A (x)$(A)- 1 Vi G C/,(4 2) ), (2-9) 
$(A) = F( 23 )(A)F^(A + hP)- 1 . (2.10) 

Let 7?. be the universal R matrix of U q (A^). The universal R matrix of B qj \(A^) is given 
by 

K(\) = F^^TZF^iX)- 1 . (2.11) 

Definition 2.1 (Elliptic quantum group B qt \(A^)) The face type elliptic quantum 

group B qj \(A^) is a quasi-triangular quasi-Hopf algebra (B q ^\{A^), A\,e, S, $(A), a, [3, 1Z(X)), 

where a, j3 are defined by 

a = J2S(k t )l u /3 = ^m i S'(n i ). (2.12) 

i i 

Here we set £\ ki®li = F(A) _1 , ^ rrii <g> rij = -F(A). 

The universal i? matrix TZ{X) satisfies the dynamical Yang-Baxter equation. 

7^(12) (A + ^ 3 ))^ 13 )(A)^ 23 )(A + feW) = 7^(A)7^ 13 )(A + fc( 2 >)ft< 12 >(A). (2.13) 

Let (nv,z,V z ), V z = V ® C[z, z -1 ] be a (finite dimensional) evaluation representation of 
U q . Taking images of 71, we define a i?-matrix Ry W (z, A) and a L-operator L v (z, A) as 
follows. 

Rtwfr/zt, A) = (7r y , 2l ® 7r W)22 ) q c ® d+d ® c 1l(X), (2.14) 
L+(z, A) = (ir v , z ® id) g c ^+* c ft(A). (2.15) 

Then from (2.13), we have the following dynamical i?LL-relation. 

Kw&fzz, A + /i)L+(^, A)L+ (22, A + hW) = L^(z 2 , X)L v (z u A + h^)R vw ( Zl /z 2 , A). 

(2.16) 
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Note that in B q , x {A 2 2) ), L+(z,\) and Ly(z,X) = (ir v>z ® id) q -c®d-d®c are not 

independent operators (Proposition 4.3 in [3]). Hence one dynamical iiLL-relation (2.16) 
characterizes the algebra B q ,\(A 2 2 ^) completely in the sense of Reshetikhin and Semenov- 
Tian-Shansky [16]. 

Through this paper, we parametrize the dynamical variable A as 



Under this, we set F(r*,s) = F(\) and TZ(r*,s) = 7Z(\). Since c is central, no s' 
dependence should appear. The dynamical shift A — > A + h with h = cd + (a^) 2 /2, 
changes the universal i?-matrix 1Z(r*, s) to 1Z(r, s + a\). Let us take (tt v ,z, V z ) to be the 
evaluation representation associated with the vector representation V = C 3 of U q (A 2 2 ^) 
(see Appendix A). We set 



where Zi/z 2 = q 2u , u — u± — u 2 - From (2.11), we can obtain an explicit expression 
of R + (u,s), if we know the finite dimensional representation of the twistor (n VjZl (g) 
^v,z 2 )F{ r ) s )- 111 principle, one can obtain such representation by solving the g-difference 
equation for the twistor [3], which is similar to the q-KZ equation for corresponding U q (g). 
In the present case, the g-difference equation splits into the three parts; two 2x2 matrix 
parts and one 3x3 matrix part ( see Appendix B). Each 2x2 matrix parts turns out 
to be the same as the one of the twistor for B q ,\(A^) in the vector representation after 
adjusting some g-shift and sign factor, whereas we have no known solutions for the 3x3 
matrix part. Writing down the solutions of the 2x2 matrix parts under the parametriza- 
tion of A (2.17), we obtain from (2.11) the corresponding matrix elements of R + (u,s) 
which coincide with the corresponding matrix elements of the Boltzmann weight for the 
A 2 face model[12]. For the remaining 3x3 matrix part, we conjecture that the same 
coincidence should occur. We hence assume that the i?-matrix R + (u,s) is given by the 
following formula. 




(r* = r — c). 



(2.17) 



R + (u, s + a() = (tt ViZ1 ® ii V , Z2 )q cm+d ® c 1l(r, s + a%), 
L + (u, s) = (7r VtZ ® id)q c ® d+d ® c K{r*, s), 



R + {u, s) = p + (u)R(u, s), 



(2.18) 
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R(u, s) 



RX° (u,s 
R°+>(u,s 

R° X(u,s 
R° Z(u,s 
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R%(u,s 
R+Z(u, s 
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R + -(u, s 
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R°Z°Ju,s 
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o 


o\ 












p0+ 
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[u] 
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+ 1]' 












+ l/2 + u] + 


[1] 













[s + l/2] + [l + «]' 
j-s-l/2 + u} + [l} 
[-« - l/2] + [l + u] ' 



R^(u,s 



u 



[i + u y 

[s + l/2] + [s-3/2]+ 



u 



[s-l/2]\ [«+l]' 
[s-l/2 + u} + [l] 
[s-l/2] + [l + u]' 
[-8 +1/2 + «]+[!] 
[_ a + l/2] + [l + «]' 
[l/2 + t#j 
s s [3/2 + «][! + «]' 



[ s + l/2] + [-s-l-^] + [l]M 
[-s + l/2] + [l + «][« + 3/2] ' 

[-2s- 1/2 -u][u] 



[-2a + !-«][!] c _ 
[-2s + l][l + u] 

[-8-1 -«]+[!][«] 

[s + l/2]+[l + u][u + 3/2]' 

[l/2 + «][u] 



-2s + 1] [3/2 + «][! + «]' 



[3/2 + u][l + u]' 

[8-l- M ] + [l][ M ] 

[-s + l/2]+[l + «][« + 3/2]' 
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+ , [2a + l-«][l] ^ [2a -1/2 -«][«][!] 



R + -(u, s) = \ ' — — — ^4 - G 

-+V ' ) [ 2s+ nn ,,i 

R+-(u,s) = -Gj 



[2s + l][l + u] s [2s + l][3/2 + u][l + u]' 
[-a + l/2] + [s-l -«]+[!][«] 



s + l/2ft[l + u][u + 3/2] ' 



XX), [3 + «][!] [3/2- «] , „ [l][u] 



[3][l + u][3/2 + «] s [3][l + «]" 
Here we have set 

± _ [2 ± ±2][ f ] + [ s - 5 /2] + [£+5/2]+ 

The function p + {u) is given by 

+/ x = ^i {pg 2 ^}{pg 3 ^}{pg 3 ^}{pg 4 ^}{i/^}{g/^}{g 5 A}{g 6 A} ^ 221 ^ 
{fKp? 2 }^^}!?? 62 }!? 2 / 2 }!? 3 / 2 }!? 3 / 2 }!? 4 / 2 } 

where z = g 2u and 

{z} = (z;p,q 6 ) 00 . (2.22) 

The i?-matrix R + *(u, s) = (tt VjZi ®T[ VtZ2 )1Z(r* , s) is obtained from R + (u, s) by the replace- 
ments r — > r*. Hence, under the parametrization (2.17), the dynamical i?LL-relation 
takes the form 

R+( 12 \u, s + ^^(u!, s)L + ^(u 2 , s + a^) = L + ^(u 2 , s)L + ^( Ul , s + a^ 2) )R+< 12 \u, s). 

(2.23) 

2.3 Intertwining operators 

Let J 7 , T' be the highest weight [/^-modules. We denote the type-I and type II intertwining 
operators of [/^-modules by <&(z) and ^*(z), respectively. 

$(z) : T — > T' ® W z , *(*) : W Z ®T — > T' . (2.24) 

Twisting these operators by F(r*, s), we obtain the corresponding intertwining operators 
$(v, s) and ^*(u, s) of £> 9i A-modules. 

$ w (u, s) = (id <g> 7r w , z )F(r*, s)$(z), (2.25) 
*V(«> s ) = ® id)F(r*, s)" 1 . (2.26) 



9 



From the intertwining relation satisfied by $(z) and ^*(z), one can derive the following 
dynamical intertwining relation for the new intertwiners [3]. 

(2.27) 

L+ (1) K 8 + = < 2) (%, *)4 (1) K * + a^ (2) )i2^ 12) («i - u 2 , s). 

(2.28) 

Note that (2.27) and (2.28) are the relations for the operators V Zl <8> T — > V 2l <8> JF ® 
and ® W Z2 ® J 7 — * ® JF, respectively. 

3 Elliptic Algebra U q ^A^) 

In this section, we give a definition of the elliptic algebra U qjP (A^). We follows the idea 
given in [7, 8], where the elliptic algebras U qjP (o) with non-twisted affine Lie algebra g 
are discussed. We first introduce the currents e(z,p), f(z,p) and ^{z^p) of the quantum 
group U q (A^), by modifying the Drinfeld currents of U q (A^). We then introduce the new 
current k(z) in U q (A^) which is a more basic object than the currents ^(z^p). Finally 
modifying them by taking a tensor product with Heisenberg algebra, we introduce the 
elliptic currents E(u), F(u), H ± (u) and K(u) forming the elliptic algebra U qjP (A^). The 
current K(u) plays an essential role in the i?LL-formulation of U qjP (A^). Hereafter we 
set h = a\. 

3.1 Drinfeld Currents of U q {Af ] ) 

Let us recall the Drinfeld currents of U q (A 2 ). Let < q < 1. We use the standard 
symbol of g-integer 

H. = ££. (3-D 

Definition 3.1 (Drinfeld currents) Let (m G Z) ; a m {m G Z^o) Q c ,Q h ,Q d denote 

(2) 

the Drinfeld generator of U q {A 2 ). In terms of the generating functions 



x ± (z 



mez 
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^ {q c/2 z) = g h/2 exp ^.^J. flm ^- m j ? (3 3) 
V m>0 / 

^(g-^) =g -V2 exp [ _( 5 _g-l)^ a _ m ^m j (3 4) 

V m>0 / 



i/ie defining relations of U q {A 2 ) are given by 

q c : central, q d a m q- d = q m a m , q d q±q~ d = q m x±, (3.5) 
q h x ± (z)q- h = q ±2 x ± (z), q d q h = q h q d . (3.6) 

[a m ,a n } = 8 m+nj0 — ([2m], - [m] 9 )^ c|m| [cm] 5 , (3.7) 
[a m ,x + (z)] = -([2m], - H,)<T c|m| * m z + (*), (3.8) 

[a m ,x-{z)\ = --([2m] q -[m] q )z m x-(z), (3.9) 
m 

(z 1 - q ±2 z 2 )(z 1 - q Tl z 2 )x ± (zi)x ± (z 2 ) = ~(q ±2 z 1 - z 2 )(q Tl z 1 - z 2 )x ± (z 2 )x ± (z 1 ), 

(3.10) 

[x + (z 1 ),x-(z 2 )] = — l — ^{q c l 2 z 2 )b{q- c z x lz 2 ) - V {q^ 2 z^z,/ z 2 )) , (3.11) 
(? ±3/2 ^(D - (<? V2 + q~ 1/2 )z*m + <? ±3/2 ^(3)) ^(^(i))^^))^^)) = 0. 

(3.12) 

Here S(z) denotes the delta function S(z) = Ylmei zm ■ ^ e ca ^ ^ e 9 enera t° rs h, a m , x^, c, d 
the Drinfeld generators ofU q {A t ' 2 > ) and the generating functions x ± (z),ip(z) and tp(z) the 
Drinfeld currents. 

3.2 Elliptic currents of U q (Af } ) 

We next consider an elliptic modification of the Drinfeld currents x ± (z),ip(z) and (p(z). 
Let us introduce the two auxiliary currents ■u ± (z,p) by 



^,p)=exp(^^g™A (3.13) 

\m>0 L '1 J 

u-(z,p) = exp ( - j\q rm z-A . (3.14) 
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Proposition 3.1 The following commutation relations hold. 
u + (z 1 ,p)u'(z 2 ,p) 

-/ ) u +(z , (pg ~ c ~ 2 ^i /^ 2 ; p) oo (p* g c+2 ^1 ; ) oo (pg ~ c+1 ^1 ; p) oo (p* g c ~ 1 ^1 ; p* ) oo 
2 ' u (pq~ c+2 z 1 /z 2 ;p) O0 (p*q c - 2 z 1 /z 2 ;p*) O0 (pq- c - l z 1 / z 2 ;p) O0 (p*q c+1 z 1 /z 2 ;p*) oo ' 

(3.15) 

(Z2) " (p* ? - 2 ^ 2 ;p*)oc(pW* 2 ;p*)o/ ( " 2)m ( * 1,p) ' (3 ' 16) 

- ^^^^^C 1 ^ 2 ^:!^ -^^^), (3.i7) 



(p*q~ 


~ 2 zi/z 2 ]p*) 


0O (p*qzi/z 2 ;p*) oo 


(p*q c ~ 


- 2 Zl /z 2 ;p*] 


) 00 (p*q c + 1 z 1 /z 2 ;p*) 00 


(p*q c ^ 


- 2 z 1 /z 2 ;p*) 


) OQ (p*q c " 1 z 1 /z 2 ;p*) oc ' 


(pq~ c 


~ 2 z 2 /zi,p) 


oo(pq~ c+1 z 2 /z 1 ;p) OQ 

; : : ; X 



= S^Sa i " (2!K(2, ' p) ' (3 ' i9) 

^(z u p)u + (z 2 ,p) 

+ ( )/( Aq r * +2 z 2 /z l ]p) oo (q r *- 1 z 2 /z l ]p)^(q r *- 2 z 2 /z 1 -,p*) oo (q r * +1 z 2 /z 1 -,p*) 0O 
if;(z 1 ,p)u~(z 2 ,p) 

( y q r ~ 2 z 1 /z 2 ;p) QO ( y q r+1 z 1 /z 2 ;p) OQ ( y q r+2 z 1 /z 2 ; p*)oo(g r_1 z 1 / ' z 2 ; p*)oo 



= u (z 2 ,p)^(z u p)- 



(q r+2 z 1 /z 2 ;p) 00 (q r - 1 z l / z 2 ; p) OD (q r ~ 2 z 1 / z 2 ; p*)oo(q r+1 Zi/z 2 ; p*)^ ' 
ij(zi,p)x + (z 2 ) 

- x + (z z )jjz 1 p) ^ r *~ 2 ^ 2 /^ i; P)^^ r,+1 ^ 2 /^ i; P)^^ r,+2 ^ 1 /^ 2 '^)^(^ , ~ 1 ^ 1 /^ 2; P*)^ (321) 
2 U (q rt+2 z 2 /z 1 ]p) QO (q r *- 1 z 2 /z 1 ]p) 00 (q rt - 2 z 1 /z 2 ]p*)^(q rt+1 z 1 /z 2 ]p*) 00 , 

ip(z 1 ,p)x~(z 2 ) 

-, )/( Aq r+2 Z2/zi;p) 00 (q r - 1 z 2 /z 1 ;p) 00 (q r - 2 z 1 /z 2 ;p*) 00 (q r+1 z 1 /z 2 ;p*) 00 

Definition 3.2 VKe define "dressed" currents e(z,p), f(z,p) and ■0 ± (z,p) fry 

e(z,p) = u + (z,p)x + (z), (3.23) 

/(y)^-(z)it-(^), (3.24) 

V> + (z,p) = M + (g c/2 z,p)^(z)M"(g" c/2 ^,p), (3.25) 

ip~(z,p) =u + (q- c/2 z,p)(p(z)u-(q c/2 z,p). (3.26) 

If we introduce the auxiliary current ip(z,p) by 
we have 
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Proposition 3.2 The currents e(z,p), f(z,p) and if)(z,p) satisfy the following com- 
mutation relations. 

K \ i ( \ ® P i<l~ 2 Zi/z2)®p{qzi/z 2 ) Q p *( y q 2 z 1 /z 2 )Qp*( y q- 1 z 1 /z2) , , , , 

= e iJ (,^ 1 /, 2 )e iJ (,- 1 , 1 /, 2 )e p .(^ 1 /, 2 )9 p . fa , 1 /, 2 ) ^^- f ' ) ' / ^'- f ' ) - 

(3.29) 

«*^> = (3 - 30) 
«»>m*>* = (3 - 31) 

[e(z 1 ,p),/(z 2 ,p)] = — L_ (^(A)^/^) -iTiq-^Stfz!/*)) , (3.34) 

(g 2 ^(2)/^(i);p*)oo(p*g 2 ^(3)/^(2);p*)oo 

X I 2 CT (i) 



(p*g 2 ^( 2 )/^(i);p*)oo(p*g 2 z r7 (3)/z a{2 y,p* 



E 



(P*9 ^a(2)/^(l);P*)oo(p*? ^(3)/^(2)5P*)oo \ , w w x n 

(3.35) 

(PqZa(2) I Za(l) 5 P)oo (pg" 2 ^(3) / 2<r(l) ! p)oo(P5^<r(3) / ^(2) 5 p)oo (P5^«r(3) / ^(2) 5 P)oo 



s>3 (pg -1 ^(2)/^(l) ; P)oo (P9 2 ^(3)/Mi) ^ P)oo(P? ^(S) / 2<r(l) 5 P)oo(P5 -1 2<t(3)/*<t(2) 5 p)c 
(9 _2 2<t(2) / 2,r(l) ; P)oo(pg _2 2 CT (3) / 2<r(2) 5 P)oo 

X I 2<r(l) 



(Pq 2 Za(2) I Z a (l) ; P)oo(pq 2 Za(3) / 2<r(2) 5 P)oo 

-i (pg~ 2 ^(2) / Mi) ; p)oo (<T 2 ^(3) / z a{2) ;p)^ \ , , , U( , 



(3.36) 



3.3 Basic current k(z) 

The current ip(z,p) (3.27) can be expressed by more basic current k(z). Let us introduce 
new generator of the bosons, a m , j3 m . 

) am > m>0, _ [r*m] q 

a m \ r__,i i i Pm a m r i • ^O.CMj 

1 g^^iH am , m<0 , H s 
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They satisfy the following commutation relations. 



[2m] q -[m] q [cm] q [rm] q 

[a m , a n \ — o m+n j— — = , ^.osj 

m [r*m\ q 

Pm;Pn — m+n ,0 f i ? (^O.oyj 



The current if)(z,p) is expressed by 



IK*, p) =: exp f - J] ^z~ m ) :=: exp f - J] 



-^- m : . (3.40) 



The colons : : denote the standard normal ordering. 

Definition 3.3 (Basic Current) We define the current k(z) by 

t( ' jl ^(i MM H : ' (3 ' 41> 

The current ip(z,p) is expressed by k(z) as follows. 

tp(z,p) =: k(q~ 1 z,p)k(z,p)~ 1 k(qz,p) : . (3.42) 
By a straightforward calculation, we have the following commutation relations. 
Proposition 3.3 

u x +/ \ (g r * +1 ^2M;p)oo(g r * _1 ^2M;p*)oo +, w v ,„ Ar> , 

k{z l ,p)u + {z2,p) = —u + {z 2 ,p)k{z u p), 3.43 

(<f i -2 2 /-2i;p)oo(g r +W< 2; i;p )<x> 

w \ — / \ (g r ~ 1 2i/^;p)oo(g r+1 2i/^2;p*)oo w v ,„ ... 

{Z2) ~ {r-^z 2 - P *)ur + ^/^P)J ™ k ^>*>> (3 - 45) 

k ^ x ~^ = ( 9 .' + .,!aL-)I( 9 --w^ P )? _(22)M2i ' ! ' ) - (3 - 46) 

Proposition 3.4 TTie currents e(z,p), f(z,p) and k(z,p) satisfy the following commu- 
tation relations. 

k( Zl ,p)k(z 2 ,p) = z- 1 / r ' +1 / r p(z 1 /z 2 )k(z 2 ,p)k(z 1 ,p), (3.47) 

k( Zl ,p)e(z 2 ,p) = ® p ^ r ^ Zl/Z2) e(z 2 ,p)k( Zl ), (3.48) 

fcyW z i/ z 2) 

k( Zl ,p)f(z 2 ,p) = ^^^ f(^p)k(z 1: p). (3.49) 
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Here we have set 

M = $g. (3-50) 
where p + (z) is given in (2.21) and p + *(z) = p + (z)\ r ^ r *. 

3.4 Elliptic Algebra U q ^{Af ] ) 

(2) 

Now we give a definition of the elliptic algebra Uq^yA^ '). For this purpose, we introduce 
a Heisenberg algebra C{7i} generated by P, Q, and a. 

[P,Q] = 1, [Q,a]=m, [P,a]=0, (3.51) 
[P,P] = [Q,Q] = [a,a]=0. (3.52) 

Definition 3.4 (Elliptic Currents) We define the elliptic (total) currents E(z), F(z) 
and K(z) by 

E{z) = e(z)e a e- Q z- p/r \ (3.53) 
F(z) = f(z)e-«z p ' r+h / 2r , (3.54) 
K(z) = k{z)e- Q z^'- x l^ p + h l 2T . (3.55) 

Let us introduce the auxiliary currents H ± [z) by 

H^z) = H(q^ r - C ^z), (3.56) 

H(z) = i){z)e~ Q > z Wr-i/r*)P+h/2r = kK (qz)K (z)' 1 K (q" 1 z) , (3.57) 

where 

{pg 8 }{pg 5 }{pg 3 }{pg 4 } 2 {p}{P*g 7 }*{P*g}*{P*g 2 }* 2 {P*g 6 }* 2 (3 5g) 
{pq 7 }{pq}{pq 2 } 2 {pq 6 } 2 {p*}*{p*q 8 }*{p*q 5 }*{p*q 3 }*{p*q 4 }* 2 

From the commutation relations of the currents e(z,p), f(z,p) and k(z,p), we can verify 
the following relations. 

Theorem 3.5 The elliptic currents E(z),F(z) andK(z) satisfy the following commu- 
tation relations. 

K{z 1 )K{z 2 ) = p(z 1 /z 2 )K(z 2 )K(z 1 ), (3.59) 
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K{z 1 )E{z 2 ) = 

K( Zl )F(z 2 ) = 

E{ Zl )E{z 2 ) = 

F( Zl )F(z 2 ) = 



[ui —u 2 + 



r*+ll* 



[ui -u 2 + 



[ui - u 2 + ^ 



^-E(z 2 )K( Zl ), 



^F(z 2 )K( Zl ), 



[ui -u 2 + r -±± 
[ui -u 2 + l]*[ui -u 2 - 
[ui -u 2 - l]*[ui -u 2 + 



^E(z 2 )E( Zl ), 



[ui - u 2 - -u 2 + h] 



[ui -u 2 + l][ui - u 2 



i"F(z 2 )F( Zl ), 



(3.60) 
(3.61) 
(3.62) 
(3.63) 



[E( Zl ),F(z 2 )} = -J-^ (H+(q c / 2 z 2 )5(q- c z 1 /z 2 ) - H {q^ 2 z 2 )S(q c ' z 2 )) (3.64) 

Here p{z) is given in (3.50). The elliptic currents E(z) and F{z) satisfy the following 
Serre relations. 



E 



(P*q 2 Zv(3)/Za(l)-,P*)oo(p*q 1 Za(3)/z a (l)]P*)o (P*q 1 Z<r(3) / Z a(2) 5 P*)co (P*Q ^ z a(2) I z a{\) \ P*)c 



(p*q- 2 z a{3) /z a{1 yp*)^(p*qz a{3) /z a{1 yp*)^(p*qz a{3) /z^ 

(q 2 Z a (2) I Z a (l) ] P*)oo (p V^(3) / Z a{2) ; p*) oo 



xz ,?r z 



a(l) Z a(2) I Z *W 



{p*q- 2 Z a{2) I Z a(l) ■ P*)oo{P*q- 2 Z a (3) I Z a (2) 5 P* 



(p*q z a(2) /z a(1) ; p*)oo (p*g 2 z a{3) / z a{2) ; p-% 
^ (2) (p*g-^ (T(2) /^ (1) ;p*) 00 (p*g^ M3)/M2); ^ )c 



S(z ff(1) )S(^ (2) )S(z (y( 3)) = 0,(3.65) 



and 



E 



(pqzg(2)/z r7 (iy,p)oo(pq 2 z a{3) /z r7(1 y,p) 00 (pqz a(3) /z a{2 y,p) 00 (pqz a{3) /z (T{2 y,p) O0 

(pq- 1 Za(2)/Za(iy,p)oo(pq 2 Za(3)/Za(iy,p)oo(pq- 1 Za(3)/z a{1) ]p) 00 (pq- 1 Z a{3) /z a{2) -,p) c 



2/r 1/r / (q 2 Za(2)/Za(iy,p)oo(pq 2 Z a{3) / Z a{2) ] p) c 

XZ a(l) Z a(2) \ Z °(X)' 



q z a{2) 



(Pq 2 Za(2) /z<r(l) J p) oo (pq 2 Z a (3) / Z a (2) 5 p) 

(^-^^/^(i); p)oo(g^ 2 ^(3)/^(2); p)c 



(p? 2 ^( 2 )/^ (1 );p)oo(p? 2 M3)/^(2);P)c 



F( Ml) )F(^ (2) )F( M 3)) = 0. 



(3.66) 



Definition 3.5 (Elliptic Algebra [/^(A^)) We define the elliptic algebra U q)P (A^) 
to be the associative algebra generated by the currents E(z),F(z) and K{z) satisfying the 
relations (3. 56)- (3. 66). 

Corollary 3.6 The construction of E(z), F(z) and K(z) given in (3.53)-(3.55) is 
a realization of the elliptic algebra U qjP {A^) in terms of the Drinfeld generator of the 
quantum group U q {A ( 2 > ) and the Heisenberg algebra C{7i}. 
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For later convenience, let us introduce auxiliary currents K e (z), (e = 0, ±) by 

K+(z) = K(q r - 2 z) = k(q r - 2 z)e- Q (q r - 2 z)^ r ' 1 ^ p+h / 2r , (3.67) 
K (z) = K(q r z)- l K(q r - l z) = k(q r z)~ l k(q r ~ l z)q^- l/r)p - h/2 % (3.68) 
K.(z) = K{q r+1 z)- 1 = k(q r+1 z)- 1 (q r+1 z)W r *- 1 ^ p - h / 2r e Q . (3.69) 

Then one can verify the following relations. 
Proposition 3.7 

K + ( Zl )E(z 2 ) = - [ ^~ U2 + jJ* E(z 2 )K + (z 1 ), (3.70) 



[ui ~u 2 + §]*K - u 2 



c— 1 1 * 



K ( Zl )E(z 2 ) = ; c 21 \; 2 c > E(z 2 )K ( Zl ), (3.71) 

K„{ Zl )E{z 2 ) = - J Ul ~ U l + /f E(z 2 )K_( Zl ), (3.72) 

[Ui — U 2 + 2 + J- J 

K + (zOF(z 2 ) = _ K-^-!j F(z2)K+(zi); ( 3. 73) 

[Ul - U2 - 2] 

WW = ["■-" 2 -i]K-"^ll Ffa)go(2i)| (3 . 74) 

[Ml - U 2 \\Ui - U 2 - 2J 

tf_(zi)F(*2) = _ [^-^ + 1] F(z 2 )X-(z 1 ), (3.75) 
N - u 2 \ 

H^qt'Pz) = H{q ±r z) = kK_{z)~ 1 K {z) = K , K + {qz)K {qz)- 1 . (3.76) 
Here fi is given in (3.58) and k' is given by 

" {pq 9 }{pq 3 }{pq 5 } 2 {pq 8 } 2 {p*q 2 }*{p*q l0 }*{p*q 7 }*{p*q 5 }*{p*q 6 }* 2 ' ' 

4 Half Currents 

As a preparation for the i?LL-formulation of the elliptic algebra U P:q (A^) in the next 
section, we here introduce the half currents, and investigate their commutation relations. 

Let us first summarize the commutation relations between the Heisenberg algebra 
C{H} and the elliptic currents. From (3.53)-(3.55), we have the following relations. 



Proposition 4.1 



[E(z),P] = E(z), [F{z),P+±]=F(z), (4.1) 
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[E(z),P + ±] = 0, [F(z),P] = 0, (4.2) 

[K + (z), P] = K + (z) = [K + (z), P + £], (4.3) 

[K (z),P] = 0=[K (z),P + ±], (4.4) 

[K_(z),P] = -K_(z) = [K_(z),P + ^]. (4.5) 

Now we define the half currents E± (u), Eq + (u), E± j+ (u), Fq (u), F+ (u), F+_(u) 
and K+(u), (e = 0, ±), by the following formulae. 

Definition 4.1 (Half Currents) 

K+(u) = K e (z), (e = 0,±), (4.6) 

+ / n / dz' , ,Au-u'-P + ^]l [1]* , 

E + Ju) = a\i :E(z'y- r - 2 ^ J , 4.7 

*2 



[1]' 



'C* + * * I 1 - 2J + i 2jP ~ 2 1* 

[u - v! - 2P + 2 + f] V - u" - P]* 
[u - v! + - 



x [ " — ~ ii ~ ' (4-9) 

r_. -./ i ci*L./ „,// ii* v ' 



^ , n [p+i-i] + [i] 2 




P+ («) = a+_ <* <* — ^—F(z')F(z" 



c+ _ 27r^' 2tt^" v y v ^[p + ^] + [p + |_2] + [2P + /i-2] 
[u - u' + 2P + /i - 3}[u - u" + 1]K - u" + P + | - 11+ 

X 1 F 77 77 ~ vi " — ■ 4 - 12 

i/ere C* is a simple closed contour that encircles pq c z but not q c z. We abbreviate it as 
CI : |p*g c 2;| < \z'\ < \q c z\. Similarly the others are given by 

C*_ : \p*q c z\ < \z'\ < \q c z\, (4.13) 
C* + : \p*q c - 1 z\<\z'\<\q c - 1 z\ ) (4.14) 

C-+ ■ \p*(f \ < W\ < \q c z\, \p*q c z\ < W'\ < \q c z\, IpV'I < \ z "\ < \qz'\, (4.15) 

C - : \pz\ < \z'\ < \z\, (4.16) 
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C* + : \pq^z\ < \z'\ < Ig-^l, (4.17) 
C+_ : \pz\ < \z'\ < \z\, \pz\ < \z"\ < \z\, \pqz'\ < \z"\ < \qz'\. (4.18) 

The constants chosen to satisfy 

; — = -1 = — , a + _ = a -a -, a, = a_ a_ . (4.19) 

g — g -1 g — g _i 

We can verify the following commutation relations. 

Theorem 4.2 TTie half currents satisfy the following relations. 

K+( Ul )K+(u 2 ) = p(u)K+(u 2 )K+( Ul ), (4.20) 

K+( Ul )K+(u 2 ) = K+(u 2 )K+( Ul ), (4.21) 

p(u + ^)p{u- 2) 



tf±(ui)tf+(u 2 ) = K+(u 2 )K+( Ul )p( 



+ + [ui - u 2 ][ui - u 2 + \}[ui - u 2 + l]*[ui - m 2 + §]*' 

(4.22) 

Itf M*JM = PH j^g^^ (4-24) 
^(^ 1 )- 1 <o(^)^(^) = -<o(« 2 )^ + <o(^i) [ [/ + \) 2 ^|r . (4.25) 

^( Ml )- 1 ^ + ( M2 )^K) 



[ui -u 2 + l][ui -u 2 + - u 2 ]*[«i - m 2 + §]* 



[«+§]*[«]• - V 17 ~-,ov^"-v^~-,ov^ [p+ i mii+ i], 

_ / [-2P + l- M ]*[ M + §]*[!]* [2P-2]*[P];[-2P-|-<[1]* \ 

*±(«i)JS_ (^)^-K)- 1 = M + ^^llfW -M, (4.28) 



[u] ^ u '" v ^ 7 1 [-P+ ~W 



u\ 

W^oWW 1 = -^o(^i) 1 ^ 1 + ^H^nf. ( 4 -29) 
[« + §][« + !] F+ ( , [P+*-l-u]+[l] F+ ^ + _ ! 

= ^rp F +,-M - [ _ P + ^ ][M+ i ] ^-K)^-MVM^K) 

'[ M + f][2P + ft + l-n][l] [2P + fr-|- M ][l][2P + fr + 2][P+f] + \ 

[u + |] [u] [2P + h + l] [2P + h + 1][2P + h][P + % + l]+[u + \] J +AUlh 
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(4.30) 

[<o(«i),*J-(«2)] 

= ~^M [-P-^M* +7UMl) [-P + ^] + N ^oM,(4.31) 

[^+(«i),i ! So(« a )] 

[P + *±l+ M ] + [l] [p-i +ti ];[i]» 
= -*oM [p + ¥] + [u + x] K + M + K + (m) [p _ ^ + K) • (4-32) 

where u — U\ — u 2 . 

Proof. The relations (4.20)-(4.24) are direct consequences of the commutation relation 
of the elliptic current K(z). Let us consider the relations (4.25)-(4.32). These relations 
can be proved by reducing them to identities of the theta functions. We show the relation 
(4.25). The relations (4.26), (4.28) and (4.29) can be proved in the same way. From the 
definition of the half current (4.7) and the commutation relation of (3.72), the LHS of 
(4.25) yields 

= ~a*J ^ E{Z ^;^^^- U '- P ^ C ^ . ( 4 .33) 
-'°J clo 2iriz> V ; [ Ul _ u / + |]*[ U2 _ u / + £]*[p + I]*. v > 

Then the equality is verified by the following identity of the theta functions. 

[ui - w + f + i}*[u 2 -u'-p + 
[ Ul - u' + iy[u 2 - u' + iy[p + lr + 

[u 2 - u >-p + £±i];[ui - u 2 + 1]* [ Ui - u '-p + zf]* + [ Ul -u 2 + p + 



[u 2 -w + - u 2 ]*[p - §]; [ Ul -u> + §]*[«! - « 2 ]*[p - §]• [p + 1]* 

Next, we show the relation (4.31). The relation (4.32) can be proved in the same way. 
Integrating the delta function appearing in (3.64) and using (3.76), we have 

(Mao-a-o)~ 1 (?-<r 1 )[£±>i),f , ot-M] 

^KtiuTW 7 t - ^Mffi - * + P +M±W (4 . 34 ) 



r c+ 27T^' ~ V UV [ Ul _ u /]*[p_l]^[ U2 _ u /][p + Azl]. 

- rr^fu' - r , K ~ ~ p + c + i!±E!^ " + p + 

2;;/:' A ( " T) *° [U T) [ Ul - u' + c]*[P - §]*> 2 - u>] [P + *=i] + 
Here the contours C 1 * 1 are now 

C + : \p* Zl \, \pz 2 \ < \z'\ < \ Zl \, \z 2 \, (4.35) 
C~ : \pzi\, \pz 2 \ < \z'\ < \q 2c Zl \, \z 2 \. (4.36) 



20 



When we change the integration variable z' — > pz' in the second term, the integrand 
becomes the same as the first term, but the contour C~ is changed to C~ given by 



c- 



\zi\i \z 2 \ < \z'\ < \p 1 q 2c z 1 \, \p 1 z 2 \ 



(4.37) 



Taking the residues at z' — z 1: z 2: we get (4.31). 

We give a proof of (4.27) in Appendix C. One can prove (4.30) in a similar way. 



Q.E.D. 



5 The L-operator of U qiP (A^) and Relation to Bq^A^) 



(2)' 



In this section, we clarify the relation between two elliptic algebras U qtP (A 2 ) and B q> \(A. 
For this purpose, we first construct a L-operator which gives the i?LL-formulation of 

(2) 

Uq } p(A 2 ). Then modifying L-operator by removing the Heisenberg generators Q,a, 
we derive the dynamical i?LL-relation (5.8) characterizing the elliptic quantum group 

^,a(4 2) )- 



(2) 

5.1 L-operator of U qiP (A\ ') 

Definition 5.1 By using the half currents, we define the L-operator L + (u) G End(C 3 )( 
Uq tP (A^) as follows. 



L+(u) 



I 1 F+H F+_( U ) \ 

1 Fl(u) 
\o 1 j 



( K+(u) \ / 1 \ 

K+(u) ! ! E+ + (u) 1 • 

V K -H ) \ E\(u) (u) 1 / 

(5.1) 



Here matrix elements are the half currents given in the previous section. 

By a direct comparison with the relations of the half currents appeared in Theorem 
4.2, we get the following commutation relations of the L-operator. 

Theorem 5.1 The L-operator L + {u) satisfies the following RLL = LLR* relation. 

R+W( Ul -u 2 ,P + V2)L+«( Ml )L + ^( M2 ) 

= L + W (u 2 )L + ^ ( Ul )R + < 12) ( Ul - u 2 , P - (/i (1) + h^)/2). (5.2) 
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The above equation should be understood as equation of the operators acting on the space 
C 3 <S> C 3 <S> U q>p (A^). The operator h in LHS acts on U q>p (A^), whereas the operator 





/ 


2 












/ 


2 








\ 


hW + in RHS acts on C 3 (g> C 3 as 















<g) 1 + 1 <g> 

















V 








-2 


J 




V 








-2 


/ 



5.2 U W {A { 2 ] ) and B q ^A { ?) 

Based on the above theorem, we give a relation between U qtP (A^) and B q: \(A^). We ar- 
gue that the RLL relation (5.2) is equivalent to the dynamical RLL relation of B q ^(A^). 
Hence we can regard the elliptic currents in U qjP (A 2 2 ^) as an elliptic analogue of the Drinfeld 
currents in U q (A^) providing a new realization of the elliptic quantum group B q> x(A^). 

(2,) 

In order to show this, we consider the realization of U q , p (A 2 ) given in (3.53)-(3.55) and 
modify the half currents in such a way that they have no Q,ci dependence. 

k+(u, P) = K + (u)e Q , ko(u, P) = K (u) k-(u, P) = K_{u)e- Q , (5.3) 
/ + ,oKP) = e^ +r (n), / 0i _KP) = e s F 0i _( M ), /+,_(«, P) = e*F + ,_(u)e*, (5.4) 
e , + (u, P) = £o,+ («)e Q e- s , e_ )0 («, P) = e Q e^E_ fi (u), e_ )+ («, P) = e Q e^E_ i+ (u)e Q e^. 

(5.5) 

We regard them as the currents in U q (A 2 ') with parameters P and r. Then we define a 
dynamical L-operator L + (u,P) by 

/ i fU^P) fU^P) \ 

L + (u,P) = 1 f Uu,P) 

\o 1 J 

( k%{u,P) \ / 1 \ 

k+(u,P) 4+(u,P) 1 



x 



kt(u,P) J V et + (u,P) e± Q (u,P) 1 / 



(5.6) 



The two L-operators L + (u) and L + (u,P) are related by 



L+(u,P) = L + («) 



-g 



L + ( M )e QA(1) / 2 . 



(5.7) 
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/ 2 \ 

Here = <S> 1- Substituting this into (5.2) and moving the factor 
\ -2 j 

e -Q/iW/2 ^- _ i 2) to the right end in the both sides, we get the following statement. 

Corollary 5.2 The dynamical L- operator L + {u, P) satisfies the dynamical RLL rela- 
tion. 

R + ( 12 \ Ul -u 2 ,P + h/2)L +{1 \ Ul , P)L + W(u 2 , P + hV>/2) 

= L +{2 \u 2 , P)L + W( Ul , P + h& /2)R + < 12 \ Ul - u 2 , P). (5.8) 

Comparing this with (2.23), we identify our L + (u, P) with L + {u, s) in (2.23) and s with 
P. We hence regard the elliptic currents E(z),F(z) and K(z) in U qjP (A 2 2 ^) as the Drin- 
feld currents of the elliptic quantum group B q) \(A^), although Uq^A^) and B q ^\(A 2 ^) 
are different by tensoring the Heisenberg algebra C{H}. More precisely, U qjP (A^) is an 
extension of the algebra B qi \(A^) by tensoring the Heisenberg algebra C{H}; first tensor- 
ing the generators e®, e a , then regarding s = P and imposing the commutation relations 
(3.51) and (3.52). Naively we regards U q ^(A { 2 ] ) as B q , x (A ( 2 y ) ® C{P} C{H}. 



6 Vertex Operators 

Tensoring the Heisenberg algebra breaks down the coalgebra structure of B q ,\(A^). But 
we can define the U qyP (A^) counterparts of the intertwining operators of B q ^(A^). We 
call such operators the vertex operators of U q ^(A 2 ^). In this section, we study such vertex 
operators and compare them with those of the dilute Al model obtained in [15]. 



6.1 Intertwining Relations 

We here derive the U qjP (A^) counterparts of the dynamical intertwining relations (2.27)- 
(2.28). In the next subsection, we use such relations to derive a free field realization of 
the vertex operators. 

Let us first define an extension of the U q modules by 
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Let &w( u , P) an d ^wi u i P) ^ e the tyP e ^ anc ^ type H intertwining operators of B q ,\(A 2 2 ^) 
(2.27)-(2.28). We define type I and type II vertex operators 6 w (u), $^(w) of [/^(A^) 
as the following extensions of the corresponding intertwining operators of B qt \(A^). 

$ w (u) = $ w (u + c/2,P) :T — >F'(g)W z , (6.1) 
$* w (u) =V* w (u,P)e hWQ / 2 :W Z ®T^T'. (6.2) 

From the commutation relation of P and Q, the new operators &w( u ) and ^^(u) satisfy 
the following "intertwining relations". 

^(« 2 )^ (1) («i) = Rp^\u 1 -u 2 ,P + h/2)Lp 1 \u 1 )$$(u 2 ), (6.3) 
Lj^M^M = i^^)LfW4 1 ' 2) K-«2,i 5 -('» (1) +l» (2) )/2). (6.4) 

Now let us restrict ourselves to the vector representation W = V = Cv+ © Cvq © Ci>_. In 
this case, the i?-matrix R vv (u,P) is given by R + (u,P) in (2.18), and the L-operator 
Ly(u,P) by L + (u,P) in (5.6). Let us set the components of the vertex operators 
0* = ±, 0) by 

= X] (6.5) 
V lJ j=±,o 

$*^-£±l)( Vj .®.) = W, (6.6) 
and the matrix elements of the L-operator L + (w) by 

= E ^L^iu). (6.7) 

m=0,± 

Let us investigate the relations (6.3) and (6.4) in detail. From the components 
[(-,-), (j)}, j = ±, Oof (6.3), we have 



^2 + ^ Ll>i) = P + («i - v^LtjM*- (u 2 + . 
Putting the definition L+ Au) = K*(u)E* Au) into the above, we have 



(6.8) 



(u 2 + = p + K - M2 )K+( Ml )$_ (u 2 + , (6.9) 

[$_M,<oM] =0, (6.10) 

[$_(«!), < + («2)]=0. (6.11) 
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We have the sufficient condition of (6.10), (6.11). 



$-( Ul )E(u 2 ) = E(u 2 )<f>-( Ul ), P] = 0. (6.12) 

From the component [(0, — ), (— )] of (6.3), we have 

^(u 2 + ^jF + : _( Ul )K+( Ul ) = p + (u)Rt(u,P + h/2)F + ^u 1 )K^(u 1 )^^u 2 + ^ 

+ p + (u)R °(u,P + h/2)K±( Ul )$ (u2 + ^j • (6-13) 

Let us assume the operator product (ui)<§>- (u 2 + |) has no pole at U\ — u 2 = — 1 — r. 
Later we will check that, for c = 1, this assumption is satisfied in a free field realization. 
Then from (6.9), we conclude the operator product $_ (u 2 + |) K*(ui) has zero at u\ — 
u 2 = —1 — r. Therefore setting u\ — u 2 = — 1 — r in (6.13), we have 

= WT$^/^ K1 ^- (" 2 + 5) + Kl( "^° (" 2 + 5) ■ (6 ' 14) 

Then we have 

<t> (u) = F+_(u-r-^j<S>4u). (6.15) 

Substituting (6.8) and (6.15) into (6.13), we get 

*-( Ul )F(u 2 ) = - h~! 2 + !/^ M^-M. (6.16) 
Fi -u 2 - 1/2J 

Similarly, in order to investigate the structure of the component $ + (w), we have, from 
the components of [(+, — ), (— )] of (6.3), 

(u 2 + ^jF+_(u 1 )K±(u 1 ) 

= p + (u)RXz(u, P + h/2)F+_( Ul )K±{ Ul )<f>_ (u 2 + 
+p + (u)R° + Uu, P + h/2)F+_( Ul )K±( Ul )$ (u 2 + 
+p + (u)R- + _(u 1 P + h/2)K+( Ul )<5> + (u 2 + ^j . (6.17) 
On the other hands, from the component [(+, — ), (— , — )] of RLL relation (5.2), we have 

KKujF+^KKu,)- 1 = RXz(u)F+_( Ul ) +i2y_(«)i'f_(«i)/^(«i)i ; f-(«2)^(«i)" 1 

+R- + _{u)Kt{u 1 )F+ t _{u 2 )Kt{u 1 )- 1 . (6.18) 
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Putting the above into ( 6.17), we get 

+p + (u)K+(u 2 - r)F+_( Ul )K+(u 2 - r)- 1 Ktiu^- (u 2 + 

+p+(u)P;l(u|P + /i/2)tf±(ui)F+_(u 2 - r)$_ ^ 2 + . (6.19) 

Note that at the point u\—u 2 = —1 — r, p + (w) has a zero, but p + (w)P+i('u|P + /i/2) have 
no zeros. In addition, under the same assumption given just below (6.13), the product 
$_ (u 2 + |) Kt(ui) vanishes at u\ — u 2 = —1 — r. Setting u\ — u 2 = — 1 — r in (6.19), we 
thus have the following formula for ®+(z). 

*+(«) = -F+_(u-r-i) $_(«)■ (6-20) 

In the next section, we construct a free field realization of the type-I vertex operators 
using the relations (6.9), (6.12), (6.15), (6.16) and (6.20) for c = I. We can check that 
the resultant vertex operators satisfy the intertwining relation (6.3). 

Similarly, the sufficient conditions for the type-II vertex operators are extracted from 
(6.4) as follows. 

** (u 2 + K_{ Ul )p+*{u) = K+( Ul )**_ (u 2 + , (6.21) 

(«i)F(« 2 ) = F(« 2 )** («i), [**(«), P + V2] = 0, (6.22) 
(m)^) = - '^"^"jD hirK), (6.23) 

[mi - m 2 + 2 J* 

n(«) = -*-(«)£-,+ (« - ^ - A (6.24) 



*S(«) = *-(^-,o ( « - ^ - r* ) . (6.25) 



6.2 Free Field Realizations 

Now we construct a free field realization of the vertex operators fixing the representation 
level c = 1. For this purpose, we introduce the simple root operator a, defined by 

[h, a] = 2, [a m , a] = 0, [P, a] = 0, [Q, a] = 0, [a, a] = 0. (6.26) 
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If we introduce a by 



a = a + a, (6.27) 

we have 

[h, a] = 2, [am, a] = 0, [P, a] = 0, [Q, a] = ni. (6.28) 
Then the following statement holds. 

Proposition 6.1 For c = 1, we have the free field realization of the currents E(z) 
and F(z). 

E{z) = e(q) :expl-J2 ,A-<W~ ro J : e & z h/2+1/2 e~ Q z~ p/r ' , (6.29) 



\m 



F(z) = e(q):exp(j2T^T^z- m )-.e- & 



-a z -h/2 + l/2 z P/r + h/2r_ (g 3Q) 



Here we have set 

<q) = {q 1/2 + q- 1/2 )- 1/2 . (6.31) 

Together with free field realizations of K(z) (3.55), we get a free field realization of the 
level one elliptic algebra U qjP (A^). 

Now substituting the free field realization of E(z), F(z), K(z) into (3.53)- (3.55), we 
obtain a realization of the half currents and the L-operator L + (u) satisfying the RLL- 
relation (5.2) for c = 1. Using this L-operator in the "intertwining relations", (6.9), 
(6.12), (6.15), (6.16), (6.20), for type I and (6.21)-(6.25) for the type II, one can solve 
them for the vertex operators. The results are stated as follows. 

Theorem 6.2 The highest components of the type-I and type-II vertex operators <&_(u) 
and ^*_(u) are realized in terms of the free field by 



*-(*) = ■ exp (- V ro 1 1 f 1 P m z-A : ^W z -fM/>-i/r (6 32) 
(z) = : exp ( V -J^—a m z- m | : e - & z - h ^ 2 e Q ^' r * +1 ' r \ (g 33) 
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For the other components of type-I vertex operator $,,•(«) (j = ±,0), we get the fol- 
lowing, by using (6.15) and (6.20). 



*o(«) = «o,-£ 2^7$_(«)F(^) 



dz' , , „ [u - u'_-KP+J]_ 

li f D i h , 11 



C "'™ [U-U'+ |][P+|^2J 

= -oo- / '"-"^f, . (6.34) 

Here the contour Co is specified by the condition. 

C : \q~ l A < \z'\ < 
The component 3>+(u) is given by 

= -a + ^ii $_( u )F(z')F(z"" 



x 



J J C+ 27173' 27TIZ" " W ' 7 ' 7 [P+f-±] + [P+f-l] + [2P + /i] 

[« - u' + 2P + /i - |]K - u" + P + £] + 



^ dZ " F(z')F(z")^(u) h , lP+ f + 



[u - u' + 2P + /i - \\[u' -u" + P + l\ + [u - u" + 2J 
[m-m'-|][m-m"-|]K-m"+ 2J 



x ^ — .,,_n r ;,_.:::n — ■ < 6 - 35 > 

The contour C + is specified by 

C + : |<7 _1 z| < \z'\ < \p~ 1 q~ 1 z\, \q _1 z\ < \z"\ < \p~ 1 q~ 1 z\, \pqz'\ < \z"\ < \qz'\. 

Similarly, for Type-II vertex operators, the component ^q(u) is given by 

dz' T „ „ x „, , s \u — v! — P 



° l ' -'°Jc^mz' y ] 1 ^u-u'-mP-WX 

I j [u-u'-P]* + 

°J C5 2mz> 1 ; -^[ u _ u /+I]*[p_I]; ^ ' 



= —a 



The contour Cq satisfies 

Cq : Iq^zl < \z'\ < \qz\. 
The component ^q(u) is given by 

n(«) = -< + / / ^7^*-(«)^)^)> D i„ 



c . 27r^ / 2vr^ // ~ v y v y v y [P- i];[2P-2] 
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[u - v! - 2P + §]*[«' - u" - P\: 
[u - u' - \\*[u' - u" - \\* 



= -a* I I n dZ ' ^ Z ". E{z')E{z")^* (u)- — != 

J Jc* 2niz' 2mz" y > y > - v >[p- ±]*_[2P-2] 

[u-u'-2P + |]y - u" - P\\\u - u" - \Y 

[u - u' + \}*[u - u" + \}*[u' -u" -\}* ' K ' ) 

Here the contour is specified by the condition 

C* : \q^z\ < \z'\ < \qz\, \q~ l z\ < \z"\ < \qz\, \q~ l z'\ < \z"\ < \qz'\. 

Remark The free field realizations of the vertex operators (6.32) -(6.37) are the same 
as those of the dilute Al model obtained in [15], up to a gauge transformation. 



In addition we can verify the following commutation relation. 
Proposition 6.3 The highest components $_(w) and ^/*_(u) satisfy 

$_(«i)**(« 2 ) =x(«i-«2)*-(u 2 )^-(«i). (6.38) 

Here we have set 

( x -i Q q e>(qz)Q q6 (q 2 z) 

XW = -z — , . rpr —. 5 , , . (6.39) 
e q e(q/z)e q e(q 2 /z) 

6.3 Commutation Relations of the Vertex Operators 

We next study the commutation relations of the vertex operators and show that our 
realization satisfies the full intertwining relations for c = 1. 

Theorem 6.4 The free field realizations of the type-I vertex operator $ M (w) (6.32), 
(6.34), (6.35), and the type- II vertex operator **(u) (6.33), (6.36), (6.37), satisfy the 
following commutation relations. 

^(ua^iii) = Yl ^K-^^ + ^^^il^W, (6-40) 

3i,32=±fl 

*->i)**> 2 )= £ V*.^)**,^) R*i£( Ul -u 2 ,P), (6.41) 

3'v3' 2 =±,0 

*jM%M = X(ui - u 2 ) %(u 2 )^( Ul ). (6.42) 
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Here we set 



R(u,P + h)= n(u)R(v,P + h), R*{u,P) = fi*{u)R*{u,P), (6.43) 

with 

( u \ = ^i-i {Pg 4 ^}{Pg 3 ^}{g 3 ^}{g 2 ^}{PgA}{p/^}{g 6 /^}{g 5 /^} (6U) 
{pq 4 /z}{pq 3 /z}{q 3 /z}{q 2 /z}{pqz}{pz}{q 6 z}{q 5 z} 

and n*{u) = fj,(u)\ r -^ r * . Here x{ u ) ^ s given by (6.39). 

The proof is the similar as those of Theorem 4.2. 

Now let us investigate the intertwining relation for level c = 1. For this purpose, we 
construct a L-operator as a composition of type I and II vertex operators [17]. 

Theorem 6.5 For c = 1, the components of the L-operator L + {u) (5.1) is given by 
the following product of the type-I and type-II vertex operators. 

L+ k (u)=g' 1 %(u + r )^(u + r + 1/2), (j,k = ±,0). (6.45) 

Here we set 

(pq 6 ;q 6 )oo(pq 5 ]q 6 )oo ( {q 2 p}{q z p}{q z p}{q A p} v , * v j 



g = ^ JO ° ^ J ^ J ^ J ^ J x (p ^ p*) . (6.46) 

(pq 3 ;q e )oo(pq 2 ;q 6 )oo \ {p}{qp}{q 5 p}{q 6 p} ' )' 

The proof is similar to the one of Theorem 6.5 in [8]. 

Remark By using the commutation relations of the vertex operators (6.40)-(6.42) and 
the formula 



p + (u) n(u)x{\-u) 



(6.47) 



p+*{u) n*(u)x(\ + uY 

one can prove the RLL = LLR* relation (5.2) for c = 1 directly. 

In the same way, one can verify the "intertwining relations" (6.3) and (6.4) of vertex 
operators. 

Corollary 6.6 For c = 1, the type-I and the type II vertex operators $v(u), ^y{u) 
satisfy the full intertwining relations (6.3) and (6.4) with V = W = C 3 . 
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7 Discussion 



Extending the construction of the elliptic algebra to the twisted afhne Lie algebra case, we 
have derived the elliptic algebra U qjP (A^), p = q 2r and shown that it provides the Drinfeld 

(2) 

realization of the elliptic quantum group B q) \{A 2 ). Based on this, we have derived the 
type I and II vertex operators of U qjP (A^) and identified them with the vertex operators 
in the dilute A L model with r = 2^±|. Our result thus gives a representation theoretical 
foundation to the work [15]. 

There are some open problems. 

(i) We here studied the simplest twisted elliptic quantum group B q ^(A^) and associ- 
ated elliptic algebra U qjP (A^). To generalize our consideration to the higher rank 
cases associated with A^ and A^ +1 , or moreover to other types of affine Lie alge- 
bras, is an interesting problem. 

(ii) Our realization of the elliptic algebra U q>p (A^) based on the Drinfeld currents of 
U q (A^) and the Heisenberg algebra C{H} is valid for a generic level c. In order to 
perform an algebraic analysis of the solvable lattice models, a free field realization is 
useful. For example, to consider a fusion of the dilute Al model, i.e. a higher spin 
extension, we need a free field realization (Wakimoto construction) of the elliptic 
algebra U qjP (A^) in higher level. 

(iii) The Wakimoto realization of the affine quantum group U q (A 2 ') itself is interesting. 
It should be used to solve the q-KZ equation as well as the g-difference equation 
for the twistor F(r,s), which we have solved partly (see Appendix B). The same 
thing is true for the other types of affine Lie algebra and should lead us to a proof 
of the conjecture on the connection matrix of the q-KZ equation given by Frenkel 
and Reshetikhin[18]. 

(iv) It is known in some cases that the generating functions of the g-deformed Virasoro 
or W- algebras can be obtained from a fusion of the vertex operators of correspond- 
ing elliptic algebra U q . p (g) [19, 20, 15, 21]. It is interesting to examine the same 
procedure in various U qtP (g) and derive corresponding q-W algebras. The results 
should be compared with those in [22]. 
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(v) It is also an interesting problem to investigate the scaling limit of the half currents 
and the L-operators of U q ^(A 2 2) ) and derive the vertex operators [19, 23]. The 
result should be applied to the Izergin-Korepin model [24] in the massless regime 
where a generic form of the correlation functions was studied in [25]. The type-II 
vertex operators should provide the Zamolodchikov-Faddeev algebra for the 
Toda field theory with imaginary coupling constant, and enable us to derive the 
soliton ^-matrix. 

We hope to report on some of the issues listed here in the near future. 
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A Finite Dimensional Representation 



The evaluation module (ir w , V w ) in terms of the Drinfeld generators, is defined by the 
following formulae. 



ir w (h) 



2(£ ++ -£__), 7^ = 0, 

^(w/q) m (q- m E ++ + (1 - q m )E 00 - q 2m E_J) , 
m 



n w (x+) = (w/q) k (aE +0 + q k bE _), 
tt w (x^) = {w/q) k {q k b- 1 E_ + a- 1 E 0+ ). 

( i o o \ /ooo\ 



Here we have used E ++ - 
In what follows we set a 







oo 



y / 

b = 1. We have 



1 
\ / 



and E. 



-k w (x + (z)) = E +0 5(w/qz) + E _5(w/z), 



(A.l) 
(A.2) 
(A.3) 
(A.4) 

/ \ 
0- 

V° i/ 

(A.5) 
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ir w (x-(z)) = E- 6(w/z) + E 0+ S{w/qz). (A.6) 



/ +/ \ \ (pq 3 zw;p) OQ 

7c w {u + {z,p)) = — E ++ 

(pqz /w;p)oo 



+ (pg W w; v)oo{vq~ l z/ w;p) OD E (pg^z/w-p)^ E 

(pqz/w;p) 00 (pz/w;p) 00 00 {pz/w^p)^ 

+ (ggW z; p)oo{pq~ 2 w/ z;p) 00 e (pq 2 w/z;p) oc E 

{pw/z;p) 00 (pq- 1 w/z;p) 00 00 (pw/z^p)^ 

Let us calculate finite dimensional representation of the elliptic current. 

/ / \ \ {pq 3 z/w;p) OQ {pq 2 z/w;p) 00 {pq~ 1 z/w;p) 00 

TT w (e{z,p)) = —E +0 S(w qz) + — — r E _5(w z), 

(pqz Wip)^ [pqzw\p) 00 (pzw\p) 00 



(f( n (pqw/z;p) OQ (pq 2 w/z;p) 00 (pq 3 w / 'z^p)^ 

= (vwlz-v) (vq^wlz-v) E -° 6{W/Z)+ (vq^w/z-n) E ^ W ^ 



(A.9) 

•z), 
(A.10) 



ir w (k(z,p)) = p + {q r+2 z/w) 



( %{fz/w) Q p (q r z/w)Q p (q^z/w) \ 

X + e p (q^z/w) E00 + Q p (q^z/w)Q p (q^zM E -) ' (A ' U) 

/,/ xx e p (q r+3 z/w)^ 

9 p (q r + 2 z/w)O p (q^z/w) Q p (q r ' 2 z/w) 
e p (q^z/w)& p (q r z/w) °° + & p (q r z/w) ' 1 ' ) 

B Twistor 

/qX 

We here consider the difference equations of the twistor F(\) for B q! \(A\ ). The general 
framework was given in [3]. Let us consider the case of the affine algebra A^ 2 \ Taking a 
basis {c, d, a±} of the Cartan subalgebra t) of We parametrize the dynamical variable 

A as 

\- P = r*d + s<c + \(s + r ^)aX, (r* = r-c r = ) , (B.l) 

where p = 3<i + |q;^ is the Weyl vector. Let us set 

Tl{z) = Ad(z d ® 1){TZ), (B.2) 
F(z,p,w)=Ad(z d (g)l)(F(\)), (B.3) 
K(z;p,w) = Ad(z d ® 1)(K(\)) = a(F(z- 1 ;p,w))n(z)F(z;p,w)-\ (B.4) 
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where w = q 2( - s+r -I\ In particular, for z — 0, g c ® d+dxc 7^(o) reduces to the universal R 
matrix of U q (Ai). From [3], we have the difference equation for the twistor. 



F(pq 2cW z;p,w) = (^ ® *d)(F(z;p,w))q T n(pq 2cW z), 
F(0;p,w) = F Al (w), 



(B.5) 
(B.6) 



where <p w = Ad(g a i 2/4 w a i /2 ) and T = \c® d + \d ® c + \a\ ® a\. 

We are interested in the vector representation (ir z , V), V = C 3 given in Appendix A. 
We set 



F vv (z;p,w) = (ttx <g> m)F(z;p,w) = (n zi <g> ir Z2 )(F(\)), 
R vv (z;p,w) = (7Ti <g> 7Ti)ft(z;p,iu) = (vr 2l <g> tt 22 )(^(A)), 
Rvv(z) = (tti <8> 7Ti)7^(2;) = (7r Zl <g) vr 22 )7?. 

where z = Zi/z 2 - The trigonometric i?-matrix itVy(z) is given as follows. 



(B.7) 
(B.8) 
(B.9) 



Rvv(z) 



Rvv(z) 



p vv (z)R vv (z), 
( 1 
b{z) 

z c{z) 
0- 



(B.10) 

















b(z) 
e(z) 



9(1 



1 



q 2 z 



c(z) 






d(z) 


q 2 z e(z) 


z n(z) 



1-q 





c(s) 


&(*) 
















e(z) 


o 

-q 2 z e(z) 










b(z) 


z c(z) 







/(*) 


e(z) 


d(z) 















o\ 








c(z) 




b(z) 






1 J 



q A z 



d(z) 



(l-z)q 2 (l-qz) 



i(l - q 2 )qz (1 

(1-^)(1 
q(l - z 



+ 



M = 

(1 -?)(!- ,f) z 



q 3 z 



(1 — q 2 z)(l — q 3 z) ' 

(1 — q 2 )(l + q — q 3 z — qz) 
(1 — q 2 z){\ — q 3 z) 

(1 — g 2 )(l + q 2 — q 3 z — q 2 z) 



n(z) 



1 — q 2 z ' (1 — q 2 z)(l — q 3 z) ' 
The function pyy(z) is given by 

_! (l/z; g 6 )oo(gA; g 6 Wg 5 M 9 6 W<? 6 M ? 6 ) 



(1 -g 2 ,z)(i -gV) 
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(g 2 A;g6) 00 ( g 3 /z . g6) 2 o(g 4 /z . g 6 )c 



(B.ll) 
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Noting 7Ti(c) = 0, we have the difference equation 

F vv (pz;p,wy = R vv (pz) t K(D w ® l)- 1 F vv (z;p,wf(D w <g> 1), 
where X f means the transpose of X, and we have set 

K = Diag(g, l,q~\ 1,1,1, q~\l,q), 
D w = Diag(<7 -1 w _1 , l,? _1 w). 
From the from of i?yy(^)) one can se t 



F(z;p,w) = f(z) 



(B.12) 



(B. 
(B. 



13) 
14) 



/ 


1 























o\ 












A) 



































Yis(z) 













*<+>(*) 
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Then the g-difference equation (B.12) is equivalent to the following equations. 

f(pz) = qpvv(pz)f(z), 



(B.15) 



xif\ P z) X[f\pz) 

X£\pz) X£\pz) 



q^w^X^l 



q—w*i 2 '{z) 

x { i\p Z ) 



b(pz) c(pz) 
pz c{pz) b(pz) 



(B.16) 



/Y 11 (pz) Y 12 (pz) Y 13 (pz)\ 

Y 21 (pz) Y 22 (pz) Y 23 (pz) 

\Y 31 (pz) Y 32 (pz) Y 33 (pz)J 

( Y n (z) wY l2 {z) 



qw l Y 21 (z) qY 22 (z) 
\ w~ 2 Y 31 (z) w^Y^z) 



w 2 Y 13 (pz) \ 
qwY 23 (z) 
Y 33 (z) ) 



/ d(pz) 

—q 2 pz e(pz) 
\ pz n{pz) 



e(pz) f(pz) \ 

j(pz) e(pz) 

—q 2 pz e{pz) d{pz) J 
(B.17) 

The two 2x2 matrix equations for x\^\z) are the same as the one appeared in the sl 2 
case [3], if we change b(z) to — b(z) and make the following identification. 



q± 1 w = Ws{ l 



i.e. — s 



Sl2 



rr , 1 

S + T ± r 
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where w sl2 and s 5[2 denote w and s in [3], respectively. Hence from the elliptic R matrix 
for B q: \(s[ 2 ) ((4.18) in [3]), we determine the following parts of our elliptic i?-matrix 



D+0 R 0+\ / [s+3/2] + [s-l/2]+ [u] E11L [l][ 8 +l/2-u] + 

^+0 ^+0 \ = / [s+l/2]% [u+1] e [s+l/2]+[u+l] 



H)+ J H)+/ \ ° [ s +l/2] + [u+l] [u+1] 

DO- d-0\ / [a-3/2] + [s+l/2] + M Zia [l][a-l/2-u]+ 

/t 0- ^0- \ = / [ S -l/2]2 [u+1] C [ a -l/2]+[«+l] 

i?°n iTS/ \ e -^ M['-V2-H.]. 



(B.18) 



(B.19) 



-0 ^-0/ \ ° [ s -l/2] + [u+l] [u+1] 

By a gauge transformation, these yields the corresponding matrix elements in (2.19). 
As for the 3x3 part, we have no known solutions. The Wakimoto realization of 

(2) 

U q (A 2 ) should be useful to solve the q-KZ equation for the intertwining operators (vertex 
operators) of U q (A^) as well as (B.17). 



C Proof of the Relation (4.27) 

Let us set 

m = W^iW. (c.i) 

v ' [v- l]*[v + 1/2]* v ; 

In the integrand of the half current E± + (u) (4.9), we call E(z')E(z") the operator part, 
and the ratio of the product of the theta functions the coefficient part. We keep coefficient 
parts in the right of operator parts. According to the relation (3.62), we have the equality 

r _dz^dz^ = r dz' dz" E , z ')E(z")h(u" - u')A(u" ,u'), 

J 2mz'2mz" v ; v ; v ' ; J 2mz' 2mz" K J K J K 

when the integration contours for z' and z" are the same. Here we set z' = q 2u ' , z" = q 2u " . 
We define 'weak equality' in the following sense[?]. The two coefficient functions A(u', u") 
and B(u',u") coupled to E(z')E(z") in integrals are equal in weak sense if 

A(u', u") + h(u" - u')A(u", u') = B(u', u") + h(u" - u')B(u", u'). 

We write the weak equality as 

A(u',u") ~ B(u',u"). 

To prove the equality (4.27), it is enough to show the equalities of coefficient parts in 
weak sense. 
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Setting Zi = q 2ui {i — 1,2) and u — u\ — u 2 , let us consider RHS-LHS of (4.27) given 
as follows. 

dz' f dz" 



where 

F(u 1 ,u 2 ,u',u",L) 



[u 2 -u'-2P + 2 + c/2]*[u' - u" - P];[l + u]*[u + 3/2]*[l]* 2 
: [u 2 -u' + c/2]*[u> - u" - l/2]*[u]*[2P - 2]*[P - l/2]* + [u + 1/2]* 
[u 2 -u'-P + (c+ l)/2];[m - u' + 1 + c/2]*[ Ul -u" - P + (c + l)/2]* + [u + P + 
[u 2 -u' + c/2]*K -u' + c/2]*[ Ul - u" + c/2]*[P - 1/2]; 2 [P + l/2]* + [u + 1/2]* 
[«i - v! - 2P + 2 + c/2]*[u' - u" - P];[l]* 2 



\u x -u' + c/2]*[u' - u" - 1/2]* [P - l/2\* + [u + 1/2]* 

, [u + 2P- l]*[l]*[^ + 3/2]* [P];[m + 2P + 1/2]*[1]* 



[u]*[2P - 1]*[2P - 2]* [2P]*[2P - 1]*[P - 1]; 
[u 2 -u'-2P + c/2]*[u' - U "-P - - v! + 1 + c/2]*>i - u" + 1 + c/2]*[l]* 2 

[m 2 -u' + c/2]*[u' - u" - l/2]*[«i - m' + c/2]*[ui - u" + c/2]*[P + 1/2];[2P]* 

We will show that F(ui,u 2 ,u',u", L) ~ 0. For this purpose, we consider the function of 
u' defined by 

F(u') = P(«i, u 2 , u', u", L) + h(u" - u')F( Ul , u 2 , u", u', L). 

Then it is not so hard to see that F(u') is a quasi-periodic function having zeros at least 
at u' = u" and u' — u" + 1. The quasi-periodicity is given by 

F(u' + r*r*) = -e-v( p - 3 / 2 )F(u'), 
F(u' + r*) = F(u). 



Therefore if we set 



GM = fmI?'-""- p + 3/21 * 



[«' - U"]* 

G(-u') is a doubly periodic function of w' and G(u" + 1) = 0. It is then enough to show 
that G{u') is an entire function. 

In G(u'), some of terms have the first order poles at u' — U\ + c/2, u 2 + c/2,u" + 
1/2, u" — 1. We checked that all the residues of the function G{u') at these poles vanish. 
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For example, at u' = w 2 + c/2 the residue is given by 



[ M + l]*K-^-P + c/2];[ M + 3/2]*[l]* 2 
M ' =U2+C/2 1 J 27r^' [u]*[u 2 -«"-l/2 + c/2]*[P-l/2];[« + l/2]* 

[m + -u"-P+(c + l)/2]* + [u + P + i];[i]* 3 
+ [u]*[ Ul - u" + c/2]*[P + 1/2];[P - 1/2];[m + 1/2]* 

[« + l]*[ui - u" + 1 + c/2]*[w 2 - u" - P - 1 + c/2];[l]* 2 
+ [m]*[mi-m" + c/2]*[m 2 -m"-1/2 + c/2]*[P+1/2]; 

One can apply the following theta function identity to combine the 1st and the 3rd terms. 



[it + x]*[u - x]*[v + y]* + [v - y]* + - [u + y]*[u - y]*[v + x]* + [v - x] 
= -[x - y]*[x + y]*[u + v]* + [u - v}* + . 



We thus get 

l st + 3rd = [U + 1] * [Ml -u"-P+(c+ 1)/2];N + P + 1];[1]* 3 
[u]*[ui - u" + c/2]*[P + 1/2];[P - 1/2];[m + 1/2]* ' 

Therefore Res u ' =U2+c / 2 G(u') = 0. The other cases can be treated in the similar way. 
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